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Abstract 

In this paper we consider the N = 2 supergravity models in which the hypermulti- 
plets realize the nonlinear cr-models, corresponding to the nonsymmetric (but homoge- 
neous) quaternionic manifolds. By exploiting the isometries of appropriate manifolds 
we give an explicit construction for the Lagrangians and supertransformation laws in 
terms of usual hypermultiplets in the form suitable for the investigation of general 
properties of such models as well as for the studying of concrete models. 



*E-mail address: ZINOVIEV@MX.IHEP.SU 



1 



Introduction 



Recently there an interest in the theories with N = 2 supersymmetry has revived. In 
the stringy context the reason was that one could use the same Calabi-Yao manifolds for 
compactification of heterotic string (obtaining the theory with N = 1 supersymmetry) and 
for the type II string thus having N = 2 supersymmetry The latter leads to the restrictions 
on the geometrical properties of such models like moduli spaces and so on. Another reason 
is related with quantum properties of the theories with N = 2 supersymmetry giving a 
possibility to study nonperturbative phenomena 0. From the phenomenological point of 
view models with extended supersymmetries do not look promising due to severe problems 
arising in any attempts to construct even semirealistic theory. Generally, one faces three 
kinds of problems: 

• Spontaneous supersymmetry breaking. 

Any realistic model should rely on the mechanism of spontaneous supersymmetry 
breaking which gives two essentially different scales, in this the cosmological term 
must be automatically equal to zero for any values of these parameters. Two scales of 
breaking are necessary because the breaking with only one scale (when two gravitini 
remain mass degenerate) leaves the theory vectorlike @, [§. In order to be able to 
reproduce at low energies the "standard" N = 1 supersymmetric phenomenology, such 
a model should admit, as a particular case, the partial super-Higgs effect then the 
N — 1 supersymmetry remains unbroken and the corresponding gravitino — massless. 
It turns out that such a breaking is indeed possible |5[], moreover it has been shown 
U that there exist three different hidden sectors having desirable properties. This, in 
turn, allowed one to consider the spontaneous supersymmetry breaking in a wide class 
of/V = 2 supergravity models and calculate the soft breaking terms that arose after 
the breaking had taken place f7|. || . 

• Gauge symmetry breaking. 

Generally, the scalar field potential in N = 2 gauge theories as well as in N = 2 
supergravity models has quite a lot of flat directions giving one a possibility to introduce 
non-zero vacuum expectation values for the appropriate scalar fields thus breaking 
the gauge symmetry spontaneously. However, after the spontaneous supersymmetry 
breaking at least part of these flat directions is lost. For example, one of the general 
properties of the mechanism of spontaneous supersymmetry breaking described above 
is that the scalar fields from the vector multiplets unavoidably acquire masses. Let us 
stress, however, that analogous problem (the positive mass square for the Higgs field) 
appears in the N — 1 theories as well. 

• Fermionic mass spectrum. 

In the theories with N = 2 supersymmetry this problem turns out to be much more 
difficult. First of all, as we have already mentioned, with the unbroken supersymmetry 
or even when there is only one breaking scale, the theory is vectorlike and one has to 
have spontaneous supersymmetry breaking with two different scales before trying to lift 
the mass degeneracy between usual and mirror fermions. But even after the problem 
with the supersymmetry breaking has been solved, one has to have an appropriate set 
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of Yukawa couplings to generate correct fermionic mass spectrum. As is well known, 
in N = 2 gauge theories there exists only one type of such couplings, where the scalar 
fields come from the vector multiplets. In the "minimal" coupling of these theories to 
N = 2 supergravity (based on the quaternionic spaces that are symmetric ones) the 
situation remains to be essentially the same — there are no Yukawa couplings between 
scalar and spinor fields of the hypermultiplets. 

However, there exist quaternionic manifolds that are not symmetric manifolds (but they 
are homogeneous ones which is important for the possibility for such models arise in super- 
strings). For the first time the classification of these spaces has been given by Alekseevsky 
H, later on the properties of these manifolds, especially their symmetry properties, were 



studied in a number of papers || J0| [11], |T|, [13|]. Two properties will be very important for 
us in this work: 

• As we will show below, all these models contain as a universal part one of the three 
hidden sectors (corresponding to the nonlinear a-model 0(4, A)/ 0(4) ® 0(4)) ad- 
mitting a spontaneous supersymmetry breaking with two arbitrary scales and without 
a cosmological term. 

• In the most general case (we will denote such models V(p,q), see below) there exist 
cubic invariants (due to the fact that part of the hypermultiplets transformed under 
the vector representation of group 0(p), while others — under the spinor ones) related 
to the appropriate 7-matrices. This leads to a possibility for Yukawa couplings to be 
generated. 

The Alekseevsky classification || for the quaternionic manifolds is reduced to the clas- 
sification of admittable quaternionic algebras with the dimension (always multiple of four) 
equal to the dimension of the manifold. This means, that each generator in the algebra 
corresponds to the physical scalar field in the hypermultiplets being the coordinate of the 
manifold and playing the role of the Goldstone one for this transformation. In the cases 
when the quaternionic manifold is symmetric, the isometry algebra turns out to be larger 
(e.g. Sp(2, 2n), SU(2, n) or 0(4, n) for the well known cases). But even in general cases the 
isometry algebra of the quaternionic manifold appears to be larger than the minimal one 
arising in classification [Tl|-[|T3|]. This allows one by using the invariance under these algebras 
to construct and investigate the appropriate nonlinear cr-models. In particular, we will see 
that in all cases it is possible to have linearly realized SU (2) subgroup, corresponding to the 
natural symmetry of the N = 2 superalgebra. 

All generators in the quaternionic algebra (apart from the ones in hidden sector) come 
in three types which following Alekseevsky we will denote as X, Y and Z. In this, there 
exist two general series of models.^ In the first one, that we will denote W(p, q), the X- 
type hypermultiplets are absent, while the number p of Y-type hypermultiplets and the 
number q of Z-type ones are arbitrary. In the second one denoted as V(p, q) there exist p 
sets of A-type hypermultiplets while the number of Y and Z hypermultiplets are equal to 
qd(p), where d(p) — dimension of spinor representation of 0(p) group. In the four special 



1 Really, there exist more models, as it has been shown in |TT| but in this paper we restrict ourselves 
to only two general types of models 
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cases (q = 1 and p = 1,2, 4, 8) these manifolds turn out to be symmetric with the isometry 
algebras being F±, E 6 , E 7 and E 8 . Thus, the minimal model that contains all three types 
of hypermultiplets is the F 4 one and we will use this model as our starting point. Namely, 
in the following section we will show how one can construct the linear combinations of the 
F4 generators corresponding to the generators in the Alekseevsky classification. Moreover, 
we will explicitly construct the subalgebra of the whole F4 algebra which admits natural 
generalization to the case of nonsymmetric quaternionic manifolds. 

In the next section we consider the W(p, q) models for arbitrary p and q. As is known ||, 
in the partial case q = this model coincides with the well known 0(4, 4+p)/0(4)®0(4+p) 
one. This allows one to have a very simple realization of this model which could be easily 
generalized to the case of arbitrary q. 

Later, as a preliminary step to the construction of the general V(p, q) models, we consider 
one more partial case — q = 0, i.e. the case when only X-type hypermultiplets are present. 
This model also corresponds to the similar 0(4, 4+p)/0(4) ®0(4+p) model but in different 
parameterization. Using this fact, we have managed to construct the realization with the 
correct isometry algebra (i.e. global symmetry of the bosonic Lagrangian). 

Both models W(p, q) and V(p, 0) contain the same hidden sector, corresponding to the 
non-linear a-model 0(4, 4)/0(4) ® 0(4) but in the very different parameterizations. So, to 
join these models into the general V(p, q) one we have to make a reduction for both of them 
in order to bring the hidden sectors to the similar form. Unfortunately, this enlarges the 
number of fields in terms of which the model is described and makes all the formulas rather 
long. Nevertheless, we have managed to construct an explicit Lagrangian invariant under 
the local N = 2 supertransformations and global bosonic transformations, corresponding to 
the appropriate quaternionic algebras. 



1 F^-model 

As we have already mentioned in Introduction, the minimal model that contains all necessary 
ingredients for the construction of the quaternionic non-linear cr-models we are interested in 
is the i^-model. This model (as well as all other ones) contains a universal "hidden sector", 
based on the 0(4,4) group. The latter has the SU(2) 4 as its maximal compact subgroup, 
whose generators we will denote as tj, ta 13 , t^P and t^, correspondingly. Commutation 
relations for these generators are normalized so that 

[ti?,t k l ]=8k i ti l -6 i l t k l (1) 

and analogously for other ones. Besides, we will use the notation t{j = Sj k ti k = tji and so 
on. In this basis the non-compact generators of the 0(4,4) group form a multispinor Ti aaa , 
satisfying a pseudo-reality condition 

Irp \* rpiaace ij a/3 af3 aj3rp /rj\ 

\J-iaaa) — J- — b b b b 1 jflpjj- 

Commutation relations look like 

[ti J ,T ka6l a\ = T ia aa -]^>i'T ka o [ a phis similar ones for a, a, a 

[T ta aa,T^] = +{# 5j6 & V + ■ ■ (3) 
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Note that in our normalization the plus sign in the last commutator corresponds to the 
noncompact group 0(4,4), while for the minus sign one would have an 0(8) group. 

The key elements of the whole construction || are the four commuting algebras of the 
form [h,g] = 2g. Let us choose 

hi = (Tim +T2222J) h 2 = (T1122 + ^2211), 

^3 = (^1212+^2121), h^ — (T1221 + T2112) ■ (4) 

Then one has 
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where t^ 1 ' stands for tij, for t a p and so on. Besides the generators given above, algebra 
0(4,4) (as well as all algebras, corresponding to symmetric quaternionic spaces) contains 
also four generators g, such that [h,g] = —2g, [g,g] = h. They look like 
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Let us stress that it is the presence of all or some of the generators g in the algebra that 
determines a possibility to "restore" all or some of the four initial 577(2) subgroups. 

Now one can combine all other generators of 0(4, 4) algebra (as well as all other generators 
of F 4 ) into the linear combinations that will be the eihgenvectors for all four generators h. 
For example, the 16 remaining generators of 0(4,4) form two octets with hi eihgenvalues 
±1: 
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By combining them further into the linear combinations that are eighenvectors for h 2 , hs and 
hi one ends up with sixteen combinations with the eighenvalues ±1 (see Appendix). Figure 
1 shows the two-dimensional projection of this four- dimensional diagram. One can easily get 
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Figure 1: Generators of 0(4,4) 



convinced that sixteen generators h, g and T±±± form some closed algebra. It is this algebra 
that determines the corresponding quaternionic manifold. Namely, for each its generator one 
has scalar field in the appropriate nonlinear cr-model playing the role of a Goldstone one. As 
for the remaining generators all of them are present for the case of symmetric quaternionic 
manifolds only. As we know [II], |T^] the generator g~i is present then and only then the 
manifold is symmetric. But if we exclude this generator, one immediately see that among 
eight generators T±±± at most four commuting generators T+±± could present because their 
commutators with T-±± give gi. Moreover, taking into account that [g 2 ,T + ±±] ~ T_±± one 
must exclude the §2 as well. All this means, in particular, that from the initial four SU(2) 
subgroups not more than two could survive in the cases of interest. Their generators are 
formed by the linear combinations of #34, g 3j4 , X+±± and T+±±: 



/ t 1 +t 2 
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where a, a = 1, 2, 3. The remaining six linear combinations together with ^1,2,3,4 form a 
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singlet T = hi + h 2 and (3, 3) representation: 
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In turn, the generators gi >2 and T + ±± form two triplets (3, 1) and (1, 3): 
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In this covariant under two SU(2) groups notations the commutation relations have the 
form: 

[T a ,T b ] = 0, [T a ,T b }=0, [T a ,T b } = 0, 
[T,T a ] = T a , [T,T a ]=T a , [T,T aa ]=0, 
[T a a,T b ] = 5 ab T aj [T aa ,T b ] = 5 db T aj (11) 
[Tad,T bb } = e ahc t c 8 hh + 8 ah E hbt t c . 

From these relations we see that it is just the 0(3, 3)<S>D<S>T^, where T3 3 — six translations. 
Let us stress that it is this subalgebra of the whole 0(4, 4) algebra that "survives" for all the 
quaternionic manifilds we are considering. For what follows it will be useful to note that as a 
result of 0(3, 3) ~ SX(4) this algebra is equivalent to GL(4)(g>T 6 , where the generators t a , t a , 
T aa and T form the GL (4) algebra, while six translations are transformed as skew-symmetric 
1,2,3,4: 



r/ji n rp il r Irp n r nrp I 

[T m ",n M ] = 5 m k Tl nl -5 m l Tl nk , (12) 

Now let us turn to the whole group F4. The noncompact version of this group that we 
need contains as a maximal regular (noncompact) subgroup an 0(4, 5) group formed by the 
0(4, 4) group described above and by the eight generators (A ia , A&a). The remaining sixteen 
generators are transformed as a spinor representation of this 0(4, 5) group and in our basis 
take the form: (A i6l , A idl , A adl , A adl ). Note, that all these A-generators are complex ones, 
satisfying the pseudoreality condition (A ia )* = A lOL = e^e^Aj^ and so on. All commutation 
relations for these generators are given in Appendix. In the same way as for the 0(4,4) 
generators we can construct linear combinations which are eighenvectors for the ^1,2,3,4- The 
explicit form of such combinations also given in the Appendix. From 24 generators we get 
12 combinations with hi = and 6 combinations with hi — 1 (see Figure 2) as well as 6 

combinations with hi — — 1 which we denote as X±, Y± and Z±. Note, the letters X, Y, Z are 
chosen so that they match the Alekseevsky notations in ||. As we have seen, the F4 algebra 
has just one set of each type of generators (that is why we choose it as our starting point). In 
this, together with the generators ^1,2,3,4, <7i,2,3,4 an d 7±±±, described before, the generators 
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Figure 2: Generators of F 4 /0(4, 4) with hi — (left) and hi = \ (right) 



{X±, X±, Y±,Y±, Z±, Z±} form the closed algebra with dimension 28, corresponding to this 
quaternionic manifold. 

In general, the quaternionic algebra can contain different numbers of X, Y, Z generators, 
the whole dimensions of the algebras being, of course, multiples of four. As it has been 
shown m [J there exist two general types of quaternionic manifolds which are not symmetric 
ones. In the first one the X type generators are absent, while one can have the arbitrary 
number p of the sets (Y±,Y±) and the arbitrary number q of the (Z±,Z±). In the second 
case we have q sets of X-type generators, while the quaternionic dimensions of V's and Z's 
are both equal to the p x d(q), where p is arbitrary and d(q) is the dimension of the spinor 
representation of 0(q). In the following sections we will give explicit realizations for such 
algebras and construct the corresponding N = 2 supersymmetric nonlinear cr-models. 



2 W(p, qj— model 

Let us first consider the quaternionic algebras which arise in the absence of the X-type gen- 
erators. Under the two "surviving" SU(2) subgroups the generators (Y±,Y±) and (Z±,Z±), 
defined previously are transformed as the bispinors Y ia and Z ia (note that in this section 
indices i, a correspond to the two new SU(2) groups and do not coincide with the ones used 
before). The commutation relations look like: 

-(a a )^{a%^Z j/3 , 

(13) 

0, 



Y- ] 



\Yiai Yjfj 
[Zi a , Zjfl 
V^ai Yi a 



{(J a )ije a pT a + 6ij(a a )ai3Ta, 
— {<y a )ij£ a pT a + Eij{a a ) a 0Tai 



8 



\T, Yia\ Y; lOL i Ziot] 'Z'iai 

where a a , a a are Pauli matrices. Under the GL(4) group mentioned at the end of the previous 
section we have covariant and contravariant vectors Y m and Z m , correspondingly. Then the 
algebra takes a very simple form: 

[T m n , Y k ] — —$m k Y n , [T m n , Zk] = 5k n Z m , 

[Y m ,Y n ] = IT", [Z rn) Z n }= l -e mnkl H k \ (14) 

[n™, Y k ] = o, [n mn , z k \ = o, [Y m , z n \ = o. 

Now, it is easy to see that there is nothing to prevent us from considering an arbitrary number 
of generators Y nA , A = 1, 2 • • -p and Zjy A , A — 1, 2 • • • q. The commutation relations remain 
the same except that one now can introduce new generators t^ AB ^ and $ AB \ corresponding to 
0{p) and 0(g) groups with evident commutation relations. In this, the generators that we 
have excluded are transformed as Y n and Z n , correspondingly. It appears that in the case 
when, say, q = 0, i.e. the generators of Z-type are absent, we may include the generators Y n 
into the algebra (together with the previously excluded gi t2 and T-±±) extending the algebra 
up to the full 0(4,4 + p) one. Thus, in the absence of Z-type generators we have just the 
well known 0(4, A + p)/0(A) ®0(A + p) nonlinear a-model. It allows one to get a very simple 
description of such a model which turns out to be convenient for the generalization on the 
q > case. 

The most simple way to describe the required cr-model is to introduce the p + 8 hyper- 
multiplets (<E> a A , A a A ), a = 1, 2, 3, 4, A = 1, 2 • • -p + 8, a = 1,2, where <£> are the real scalar 
fields and A — Majorana spinors, satisfying the following constraints: 

$/ • % A = -5 ab , $/ • A aA = 0. (15) 

In this, the theory has the local 0(4) invariance, the corresponding covariant derivatives 
being, for example: 

D^J = d^ a A -(<f> a d^ b )$ b A , $ a D^ b = 0, 
D,A A = d,A A + ±(<S> a d^ b )a ab A A . (16) 

In this notations the Lagrangian of the interaction of such hypermultiplets with N = 2 
supergravity has the form: 

£ ^N=2sugra ^hyperi 

Chyper = ^D^A + ^D^ a D^ a - ^Ayy A,$ a f (17) 
Here we introduced four matrices (r a ) ia and (r a ) m such that: 

(r a ) ia (f b ) ai + (a ^ b) = 25 a %i (18) 

in this, 

KV = \{{r a )Uf b r - (a <- b)), {a ab )J = \{{r a ) ia {f b )^ - (a - b)). (19) 
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Now let us rewrite this Lagrangian and the supertransformations in terms of independent 
scalar and spinor fields. For that purpose we introduce a kind of light cone variables: 

<5> a A = (x a m + E am ,x a m -E am ,E am Y mA ), m = 1,2,3,4, A=l,2---p. (20) 
Now, by introducing a new field 

U mn = ( E -lym x n _ [E~ l ) an X a m (21) 

we can solve the constraint for x a m : 

x a m = ^(E- 1 )^ 1 + l -E an Y nA Y mA + X -E an W m (22) 

and rewrite all the bosonic expressions in terms of the E am , ]J mn and Y mA . In this, the fields 
E am realise the nonlinear a-model GL(4)/0(4), while Yl mn enter the Lagrangian through the 
derivatives d^Jl mn only, the translations IP™" — > Yl mn + A mn being the global symmetry. 

Analogously, we solve the constraint for the spinor fields introducing new fields A A = 
(r + Xm, r - Xm, A A ). This gives 

r = -(E-y^Xn + \Y mA K A . (23) 

Here two changes of variables Xm — > ^E am x a and A — > A + Y m x m are necessary to have 
canonical kinetic terms for spinors. 

In terms of these new variables the Lagrangian could be written as: 

-\x a rr(s„ + + PvUf b ^, - l -k 1 ^E ma d v Y m T a ^, 

-l^%^ v (s p - + p P ) ab cr ab ** + \ti»{s; + p»Uo ab x c 

~X a r(S- - P,Ux b + ftf{S; - P») ab a ab A + l -x a ^E ma d,Y m A. (24) 
Here we use the following notations: 

(S±) ab = \{E- l d,E ± d.EE-'U, (P,) ab = E ma E nb {d,TT n - l -{Y m d, Y n )). (25) 
In turn, the supertransformations look like: 

= 2D llV -±(S;+P,) ab a ab r ] , 

5 x a = -i 7 "(Sj + P»Uf b v, 5A = -i^E ma d fM Y m f% 
5E ma = (x b E bm f a V ), 5Y m =(A(E~ 1 ) ma f a r ] ), (26) 

m mn = (x a (£~ 1 )a [m (£~V 1 '^) + (AF [m (E- 1 ) nla f a r7). 
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This Lagrangian, besides the GL(4) transformations (acting on the "world" indices m,n 
only), is invariant under the six translations H mn — > Y\rnnj^^mn ag we jj ag unc j er fa e following 
transfer mat ions : 

SY m = C, m , 5U mn — yl m ^"l. (27) 

Now it is an easy task to add to this model additional hypermultiplets whose scalar fields 
are transformed as Z m A , A = 1, 2 • • • q, under GL(A). All one needs for that is to complete 
the Lagrangian with: 

AL hyper = isy t ^E + y(f?- 1 ) om (f?- 1 ) an ^Z m 9 /i Z n 

+^Y\ / A(r 1 )»^ m s + ^YVAir^^^rt, (28) 

where A = det(E ma ), and the supertransformations with 

5E = -^v / A( J E' 1 ) am ^Z m f a r / , 
5Z m = (Ea/A^- 1 ) " 1 ^), (29) 

5'U mn = -^=[^ e mnvq E pa Z a f a i]). 
Besides, one has to change the definition for the P M by 

(P,) ab = E am E bn (d^ mn - l -{Y m d, Y n ) + ±e mn ™(Z p d^Z q )). (30) 

Now, besides the bosonic transformations given above, the whole Lagrangian is also invariant 
under: 

5Z m = r] m , 5U mn = ^e mn ™Z pVq . (31) 

It is an easy task to check that these bosonic transformations have the commutation rela- 
tions which coincide with the ones given at the beginnig of this section. Thus the bosonic 
part of the Lagrangian constructed is indeed the nonlinear a-model, corresponding to the 
quaternionic manifold of the desired form. 

3 V(p, 0)-model 

As a preliminary step to the full V(p, q)-mode\, let us consider first one more simple case 
- the one without Y and Z multiplets. Under the two "surviving" SU(2) subgroups the 
X generators form two triplets X a , X a and two singlets X and X. In this, the minimal 
quaternionic algebra could be extended so that to include the X a , X a and X generators 
together with the 0(3, 3) <g> D <g> T 3i3 ones, defined earlier. The commutation relations have 
the form: 

P~ad,AV] = d ab X a , [T aa , Xy] — S ab X a , 

{X a ,X b } = —e abc t c [X a , X b ] = e ab6 t c , [X a , Xa] = — T aa , (32) 
[X a ,T b ] = 5 ab X, [X a ,T b ] = -5 ab X, [X a ,X]=T a , [X a ,X]=T a . 
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From these relations one can see that the generators X a and X a together with the t a , t a 
and T aa form the 0(3,4) algebra, while the X generators together with the T a and T a 
form seven translations T 34 . Moreover, there is nothing to prevent us from considering the 
generalization on the case of arbitrary number p of generators X a , X a and X. In this case the 
algebra consists of the 0(3, p + 3) group, scale transformations D, and p + 6 translations. In 
the absence of the Y, Z multiplets this algebra can be completed up to the whole 0(4, p + 4) 
one. So, we start once more with the usual non-linear a-model 0(4, p + 4)/0(4) ® 0(p + 4) 
described by the real scalar fields & a A , a = 1,2,3,4, A = 0,1,2 •••£> + 7, but this time 
(in order to preserve linearly realized 0(3,3 + p) symmetry) we will solve the constraint 
&a&b = —$ab om y partially introducing the following parameterization: 



0- 


X A 


0+ 


L- 


T A 





(33) 



where now a = 1, 2, 3 and A — 1, 2, • • -p + 6. In this notations the constraint takes the form: 

-L-L^ + (L a L b )+L+Lt = -5 ab , 

-(0_) 2 + (X) 2 + (0 + ) 2 = -1, (34) 
-0_L a - + (L a X) + + L+ = 0. 

As usual, we have an 0(4) ~ 0(3) ® 0(3) local invariance, so one can use one of these 0(3) 
groups in order to set = L~. Then the first equation becomes (L a L b ) = —5 a b, i.e. just 
the usual constraint for the 0(3, p + 3)/0(3) <E> 0(p + 3) non-linear a-model! Two other 
equations allow one to rewrite all the formulas in terms of L a A , X A and, say, $ = (0_ — 0+). 
The bosonic part of the corresponding quaternionic model looks like: 

Cb = + ^ 2 «^) 2 + ^Ld.Xf) + i^L^L, (35) 

where is 0(3) covariant derivative. As we see the X scalar fields enter the Lagrangian 
through the derivatives only, so the Lagrangian is trivially invariant under the translations 
X A — > X A + A A , as well as 0(3, p + 3) rotations and scale transformations. By rather long 
but strightforward calculations one can check that this Lagrangian is invariant also under 
the "special conformal" transformations of the form: 

5$ = $(XA), 5L A = (LX)A A — (LA)X A , 
SX A = -$- 2 A A - (XA)X A + -(XX)A A + $~ 2 (LA)L A , (36) 

which, together with the ones mentioned above, form the full 0(4, p + 4) algebra. 

Analogously, by solving partially the constraint for the spinor fields and making field 
redefinitions to bring the fermionic kinetic terms to the canonical forms, one can express the 
fermionic part of the corresponding quaternionic model in terms of the spinors x % an d fi zA , 
satisfying L A VL tA = 0. The results are: 

Cf = ~nYYMd„X + L(Ld u X))5i j + A,V]* W - 



+ l -<s>XiY{Li j d,x) x j + l -m t Y(L t id,x)n> - mrf^XW (37) 
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and 



^ = 2D li rn + $(L i j d li X)ri j , 

= -lYMd^X + LiLd^XyW + D^]^, (38) 
5$ = S(xSk) 6L = fa), 

5X = *- 1 [(fiS/0 + (W»&)]- 

4 V(p, g)-model 

Thus, both for the FZ-sector and for the X-sector we have managed to construct rather 
simple realizations having essentially the same hidden sector (the 0(4, 4) /0 (4)® 0(4) model) 
but in the very different parameterizations. So, to join these models together we have to 
reduce them to the forms having identical parameterization. Let us start with the X-sector. 
In this case all that we need is to solve the remaining constraints L a L b = —5 ab and LQ = 
exactly in the same way as we have done it for the initial 0(4, to) model above. In this, the 
fields L A give y m a, ^ mn ^ and X mA , where now A = 7, 8, . . .p + 3, a, to = 1, 2, 3, while X A 
give l m , n m and X A , correspondingly. The bosonic Lagrangian looks like 

£ B = ^) 2 + ^(^^ 

+\e 2 *g mn U» m U m + l -e 2 *{D,X) 2 + l -g mn d,X m d,X n , (39) 



where g mn = y ma yna, 9 mn = y ma y na , $ = and we have introduced the following notations: 
S% b = 1 -[y ma d,y mb ±y m %y ma }, U, m = d^ m , 
\* mn U» n + \x n D,X - \ 



jjn = d ^ r+ lrnn u ^ + l x n D ^ x _l x rn X n u ^ 



P, ab = yma{d^ mn + \(X m d»X n )}y nb , (40) 
Qf = y ma L™ ±^y ma U, m , D,X = d,X + X rn U, m . 

This Lagrangian, besides the GL(3) group acting on the "world" indices to, n, scale 
transformations and trivial translations for the fields l m , i\ m and X A , is invariant under the 
following global transformations: 

5x m = £m SX = -C m n m , S7T mn = X lm ( n \ 6l m = ^C n X, 

Sn mn = -2A mn , 5l m = A mn TT n . (41) 

Analogously, by solving the constraint for the spinor field in terms of (A M , Q lA ) one can 
find the fermionic part of the Lagrangian: 
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^xW{^ J '-2e^ + rV}^ 



2 



-9 w {(^ + + ^)«^v + 2e^or v} + 



+2^v + p»U(Ki»K) + WQftXntf) 
-CKrw)y ma d^x m - tirrn^D^x - 

-^TV {e v D v X8j + y ma d u X m r a /} Q j , (42) 

where D-derivatives for the fermions have the following form: 

(W = D%i ± \s ah \S~ - P,) ab (T%> + e*Ql+{r%i (43) 

Here derivatives of ^ ^ and r\i have the sign "-" and derivatives of x\ K, an d ~ the sign 

In this, the total Lagrangian is invariant under the following local N = 2 supertransfor- 
mations: 

= 2D^, 5 X l = -il, {d^ -2e*Q a +(T a )S}r ]l , 

5K = -tY{(S+ + P,U(T b ) t i+2e*Q a -5S}r ]j , 

= -t^ {e*D,X5j +y ma d,X m (T a V}r ]j , 

8<P = (x%), Sy ma = y m bCK(T a )i j rij), (44) 

S7i mn = I(A^(r a )^)[y m V^ 

5n m = -e^y ma [(X^) + (x l (r a Vv 3 )}, 

Sl m = le-^Hfe) - {x\r a Vm)] - \n mn 5n n - ^X m (Q\) - \x m X n 6n n , 
5X m = yma^i^ay^.^ 5X = e^(n\) - X m 5rr m . 

Note, that in what follows by the hidden sector we will mean the part of this model 
with the bosonic fields (if, Y ma , 7r mn ? l m 1 7r n ) and the fermionic ones (x\ A l °) and the formulae 
given above where the fields (X A , X mA ,il tA ) are set to zero. 

Now, let us turn to the FZ-sector. The bosonic part of the hidden sector consists of 
the field E ma , corresponding to the non-linear a-model GL(4, R)/0(4) and antisymmetric 
tensor n mri . In this formulation the theory has local 0(4) invariance, so one can use one 
of its 0(3) subgroup to bring matrix E to block-triangle form. We will use the following 
concrete parameterization: 



Ae^/ 2 \ „ / -21 



m 



E ~ { -lVAe^e mnk n" k ±e^y ma J ' U ~ { 2P \e™W ) ' (45) 

where now m, a = 1,2,3, A = det(y ma ). In this, the hidden sector takes exactly the same 
form as in the formulas given above (of course, in the absence of the fields X, X m and 
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Scalar fields of Y and Z multiplets, which are now (Y, Y m ) A and (Z, Z m ) A ), give the following 
contribution to the bosonic Lagrangian: 

C B = ^(d»Yy + e^(D,Y m )(D,Y n )g™ + 

+e^(D,Zf + ^(D,Z™)(D,Z n )g mn: (46) 

where 

D^Y m = d^Y m — e mn kTT nk dfjY, D^Z m = d^Z m , 
D,Z = d,Z + e mnk 7r mn d,Z k . (47) 

At the same time our definitions for U^ m and L™ change to: 

= d,7i m + {Y m d,Y)- l -e mnk {Z n d^Z k ), (48) 
L™ = d,r + ^n mn U, n -^e mnk (Y n d,Y k ) + ^(Z m d,Z). (49) 

The resulting bosonic Lagrangian, besides the usual GL(3, R), scale transformations and 
trivial translations for the fields l m and ix m , is invariant under the following global transfor- 
mations: 

5n mn = -2A mn , 5l m = A mn K n , 5Y m = -e mnk A nk Y, 5Z = e mnk A m Z k , 
6Y = £, 6ir m = £Y m , 5Y m = U Sl m = ^e mn %Y k , 5n m = -£ m Y, (50) 

5Z = v m , 5l m = ^ V Z m , 5Z m = v m , 5l m = - l -r l m Z 1 5n m = e mnkV n Z k . 

The fermionic Lagrangian, containing the fields of the Y- and Z-multiplets, has the 
following form: 

-'-e^KYWAr^A' + l -e^ 2 KnW,)i(r a ) k ^ k , (51) 
where for the A* and are the same as one for \ l and 

(W = ^d v Yk 3 + ^D u Y m y m \r%\ 



A 



(Wjj = VAD^ZSj + -Lo^y^T^, (52) 
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while the supertransformations for the fields of Y and Z hypermultiplets are the following: 

8Y = y/Ae- v/2 (A%), 5Z m = ^Xe-* l2 y ma (p{T a )Jri 3 ), 

5Z = ■^=e-^ 2 (E i Vi )-e mnk 7r mn 6Z k , (53) 



SY m = ^ e -*l*y ma (h\T a )i m )+e mn ^ mn bY, 
v A 



Besides, some new terms in the supertransformation laws of the fields ir m and l m appear: 

ST = -e mnk Y n 5Y k + -Z5Z m --Z m 5Z, 
4 n K 4 4 ' 

5'n m = Y5Y m -Y m 5Y + e mnk Z n 5Z k . (54) 

Now we are ready to construct a model, containing both the X-sector and the YZ-sector, 
described above. The method is, starting from the X-sector, to add Y and Z-multiplets by 
the use of the usual Noether procedure, extending U^ m and L™ as in formulae (|48|), (|49|) . As 
a result, all the terms, which are present in the pure YZ-model, appear as well as some new, 
"crossing" terms, containing fermions from both X- and Y, Z-multiplets. In this, we have to 
introduce constant matrices T AAA , carrying all three kinds of the indices in order to connect 
the fields of different multiplets. The bosonic symmetries and the supersymmetry impose 
certain constraints on these matrices — they turn out to be 7- matrices for the 0(p) group. 
The calculations are tedious and formidable, but, at least partly, interesting results can be 
obtained by means of the symmetry considerations. 

All the changes in the bosonic sector of unified XYZ-model as compared with pure X and 
YZ-sectors can be rather easily seen by exploring the symmetries of the bosonic Lagrangian. 
For example, consider one of the bosonic symmetries of the X-model that we denoted ( m 
(first line in (|4l|)). The combination D ll X A ( f4"UD is invariant under this transformation. But, 



as it has been shown above, adding Y and Z-multiplets, we have to "extend" to £7 Mm 

according to (|48). It is easy to check, that the combination D fM X A with such U^ m is already 



noninvariant under the ( m transformations and in order to restore this symmetry we have 



to "extend" "covariant derivative" D^X: 

D^X A - D,X A + l -T AAA i(Y A d, Z A ) + (Y A Z mA )}. (55) 

In this, the fields Y and Z are transformed under (^-transformations according to the fol- 
lowing formulas: 

6Y A = 0, 5Y A = T AM e mnk C A Z kA \ 

5Z A = T AAA^ m A Y A^ 5Z mA = _ T AAA^mA Y A ^ 



that leaves "extended" C/ Mm ( f48D invariant. 

The requirement of the invariance of D^X under (^-transformations as well as the re- 
quirement of the closure of the corresponding algebra leads to the constraint on the V- 
matrices * 

t aaa t bba + ^ A ^ B) = 26 AB 6 A *, (57) 
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i. e., just as it should be, they are the 7-matrices for the 0(p) group. The commutator 
of the two (^-transformations gives a transformation, which is a part of the 0(4,4) group 
(second line in (|4|)): 

S7l mn = _2A m ", 5l m = A mn 7l n , 

6Y m = -2A m Y, 5Z = 2A m Z m , (58) 

where A mn ~ {(™ A (2 A — ( m ^ n )}> A m — e mnk A nk and all other fields are inert under this 
transformation. 

Due to the fact, that, for example, field Z m transforms nontrivially under the ( m - 
transformation, the derivative d^Z m is noninvariant under it. In order to restore the in- 
variance we have to "extend" this derivative to 

D^Z™ 1 = d^Z mA + T AAA X mA d^Y A . (59) 

A bit more formidably, but by means of the same considerations, one can obtain the corre- 
sponding expressions, invariant under the (^-transformations, for the "extended" derivatives 
of the Z A and Y A fields: 

DfjY A = ^-e m „^7r« fe ^ + ix« A X feB (S^)^]9 M r B - 

-e mnk X nA T AA %Z hA , (60) 

D^Z A = d,Z A + £mnk [7T mn 5 M + ^X mA X nB (Z AB ) AB ]d,Z kB - 
-X mA T AAA \d,Y A - e mnk 7r n %Y A ) - 

_ vmA vnB vkC i"-rABC\AAci \sA 
— -£mnk^- A A [L ) Onl , 


where £ AB = ±(T A T B - T B T A ) and (T ABC ) AA = 1[taab t bbb t cba + ( ABC _ cyde ^ 

The derivative d fJi Y A does not change its form because the field Y A is inert under ( m - 
transformation. 

The total bosonic Lagrangian of the V(p, g)-model is just the sum of the bosonic La- 
grangians (|39|) and ([46|), where now 

L™ = d,r + ^n mn U, n + ^X mA D,X A -^X mA X nA U^ n - 

-\e mn \Y A d, Y A ) + \{Z mA d, Z A ) (61) 

and all other covariant objects are defined in (HI), ([48]), ( |55|) and (|60|). 

The corresponding fermionic Lagrangian is the sum of the fermionic Lagrangians (f42j) 
and (|5T|) with some additional "crossing" terms, which have the following form: 

AC F = - ^e^r^ffV^)/^' 1 + V/^^VW/A^ - 

- Z -T AAA A a Y {e*D,X A 6/ - d,X mA y ma (r a )f} TP A . (62) 
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In this, the supertransformations for the fermionic fields are the same as in formulas ([P] 
and (|53|) taking into account the changes in the expressions such as D^X, U^ m and so on. 
The supertransformations of the bosonic fields are the following: 



5j[ mn 

5Y A 

Sz mA 



SY. 



mA 



bZ 1 



lCK(r a )i j vj)[y ma y nh 

Ae-^ 2 (A a rji) bX 



m^n)}- ~[X mA 5X nA 
mA = y mA (CL lA (r a ) l ir ]j ), 



v/Ae-^ 2 y ma (E a (r a )/^) - x mA T AAA bY A , 

e-^ 2 y ma (^ iA (r a )i Vj ) + e mnk X nA T AAA bZ kA + 



+£mnk[n mn b AB + ^X nA X kB (i: AB ) AB ]5Y 



-V/2 



(E M 7fc) + X mA T AAA 8Y r 



5 71, 

SX 



bl r 



„ \„mnj:AB < \rmA \r 



mA vnB i-j^AB\AB 



}SZ 



kB 



~vmAj^AAB\nk ?AB 



6 1 



}bY J 



-e^VmaiiKVi) + (x'ir^Vj)} + Y A 6Y A - Y A bY + e 



ynAx ykA 
mnk^ "A i 



_l T AAA {y a 5Z A - Z A bY A Y A bZ mA - Z mA bY A ) , 

^ vmvns: _ , ^ ^mnk\/-A z\fA , yArymA ^ 7mA c 7I 

--X X b TT n + -e Y n bY k +-Z bZ - -Z bZ , 



(63) 



where b ii m = —e ^ymaK^aVi) + (x*( T °V ? 7j)]- As it has already been said, all these formulas 
can be obtained by the use of the straightforward Noether procedure. 



Conclusion 

So, we have constructed the Lagrangian and supertransformations for the two general types 
of N = 2 supergravity models, based on the nonsymmetric quaternionic manifolds. In the 
following paper we will consider the gauge interactions which are possible in such models, 
in-particular, the ones that lead to the spontaneous supersymmetry breaking. 
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A 



Let us first give the explicit expressions for the T±±± generators in terms of A* 1 combinations 
determined in Section 1: 

T_)_+_|_ = £l\ + + ^3 + ^4 ~~ ^5 ~~ ^6 ~~ ^7 — ^8) 

T__|_+ = f^i -|- 1^2 — ^3 — ^4 ^5 ^6 — ^7 — ^8) 

T-\ |- = Vl\ — O2 ~\~ f^3 — ^4 ~\~ — ^7 — ^8) 

T__ + = tti - fi 2 - ^3 + fi 4 - fi 5 + fi 6 + ^7 - ^8, 

t ++ _ = fij - n 2 - n 3 + fi 4 + n 5 - n 6 - n 7 + n 8 , (64) 

T_ + _ = ill ~ ^2 + ^3 - ^4 - ^5 + ^6 - ^7 + fi 8 , 
T+__ = fii + fi 2 - ^3 - ^4 - ^5 - ^6 + ^7 + fi 8 , 
T___ = fii + fi 2 + ^3 + ^4 + ^5 + ^6 + ^7 + ^8, 

where all Q stand for fl + . The expressions for the T±±± are similar to the ones given above. 

Now we give the commutation relations for the F 4 generators in our multispinor basis. 
They look like: 

[A ia , A^] = (tJSj + 5 t HJ), [A Qd , A^] = -(tjsj + 5jtJ), (65) 

[Ai a ,Aja] = €ijA a a, [Aj Q , Afia] = —EafiAia, (66) 

[Aja, Aq,q] [AjQ,A Q Q,] [Ajq., A a Q,] Tiaaai (67) 

[Tiaaa, A^] = -^SjA^, (68) 

and a lot of similar ones for other positions of indices. 

The following combinations of these generators are the eighenvectors for the ^1,2,3,4: 

X± = A oi2 =t A0021 =t A 12 oo + A2100! 

X± = A oi2 =F A0021 =t A 12 oo — A 2 ioo, 

Y± — A0102 ± A0201 =t A1020 + A 2 oio, 

Y± = A0102 T A0201 =t A 102 o — A 20 io, (69) 

Z± — A0120 i A0210 i A1002 + A 2 ooi, 

Z± — A i 2 o =F Ao 2 io ± A 10 o2 — A 2 ooi) 

where, for example, A 12 oo stands for A ia , i — 1, a — 2 as well as another twelve combinations 
which we denote as X±, X±, Y±, Y±, Z± and Z±. 
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